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 1 
Introduction 
The objectives of the present study are (i) to derive the long-term futures curves of wheat 
in the European Union (E.U.) and the United States (U.S.), traded at Euronext and the Chicago 
Mercantile Exchange (CME), respectively, and (ii) to analyze and compare the seasonal structure 
and futures curves for E.U. and U.S. wheat prices. A better understanding of agricultural 
commodity price behavior is important, especially in the E.U., for at least three reasons. First, 
trading volume in existing E.U. agricultural derivative markets is likely to grow as changes in the 
Common Agricultural Policy (CAP) lead to more liberalized agricultural markets after 2013. 
Historically, the strong public intervention instituted by the CAP in numerous markets like wheat 
has hindered the development of agricultural derivatives. Second, better models of commodity 
futures behavior yield more accurate estimates of the long-term futures curve needed to price 
long-term swaps for agricultural commodities. For some products like crude oil and Eurodollars, 
it is possible to trade futures with maturities as far as ten years. For other products, such as gold, 
stock indices and exchange rates, one can determine the futures curve by simple arbitrage 
formulae. In contrast, for agricultural commodities, it is substantially more difficult to obtain 
accurate estimates of the futures curve because most exchange-traded contracts are for relatively 
short maturities, and there are no simple arbitrage formulae that can be applied. Third, better 
models of agricultural commodity price behavior facilitate the pricing of long-term agricultural 
insurance (such as “Group Risk Income Plan” and “Revenue Assurance”) for longer periods 
using option pricing techniques. These kinds of insurance product are nonexistent in the E.U., 
but may develop with the liberalization of the CAP.  
The Black (1976) and Black and Scholes (1973) option pricing models assume that the 
volatility of spot prices increases proportionally to the square root of time. This assumption is 
reasonable for stocks and currencies, but is inconsistent with mean reversion in commodity 
prices. Most agricultural commodity markets exhibit mean reversion to production costs 
(Bessembinder et al., 1995), which suggests that the price volatility around this production cost 
reaches a maximum value. Since price volatility is incorrectly assumed to increase in proportion 
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to the square root of time beyond this maximum value, the fair value of long-term options is 
grossly overestimated. 
Researchers focusing on interest rate derivatives have actively pursued modifications to 
the Black-Scholes formula to better reflect interest rate dynamics. Much of such research has 
relied on affine models of the interest rates, because they yield workable solutions for bond 
prices that do not allow for arbitrage opportunities, while allowing for a more realistic 
representation of interest rate behavior (Dai and Singleton, 2000; Duffee, 2002; Piazzesi, 2010). 
For example, affine models allow for multiple sources of uncertainty, time-varying 
heteroskedasticity, and price jumps (Duffie, Pan, and Singleton, 2000). Interestingly, affine 
models can also be modified to analyze the behavior of spot and futures commodity prices (e.g., 
Schwartz, 1997). An important advantage of affine models for this purpose is that the resulting 
price structure does not allow for arbitrage opportunities. However, to date this line of inquiry 
has received relatively little attention, except for Casassus and Collin-Dufresne (2005). 
Following the above discussion, this study applies a two-factor affine theoretical model 
of interest rates recently developed by Collin-Dufresne, Goldstein, and Jones (2008), but adapted 
to represent commodity futures by Lence, Hart, and Hayes (2009). This model incorporates two 
salient features of agricultural commodities, namely, seasonality and mean reversion of spot 
prices. Jin et al. (2012) applied the proposed model to the U.S. soybean and hog markets, and 
showed that it outperformed the Black (1976) and Schwartz (1997) models. The focus of the 
present study is to check whether the model is able to predict an accurate forward curve when the 
market is illiquid, like the E.U. milling wheat market. To the best of our knowledge, it is the first 
time that a continuous forward curve of the E.U. milling wheat beyond 3 years of maturity is 
estimated. Another important contribution of the paper is the comparative analysis (common and 
idiosyncratic aspects) between the U.S. and the E.U. wheat derivatives. 
Maximum likelihood via the Kalman filter was used to estimate the theoretical models in 
Geman and Nguyen (2005), Fackler and Roberts (1999) and Schwartz (1997). In contrast, the 
model outlined here is estimated by means of Markov-Chain Monte Carlo (MCMC) methods. 
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MCMC methods have recently become popular for the estimation of continuous-time derivative 
pricing models because the main historical impediment to their usage (i.e., computer power) is 
no longer a significant constraint, and they provide important advantages over more traditional 
methods (Johannes and Polson, 2010). For the present study, MCMC methods are particularly 
well suited for at least three reasons. First, theoretical pricing models are based on constant-time-
to-maturity futures prices, whereas observed commodity futures contracts are based on constant 
maturity dates. In an MCMC environment it is straightforward to use constant-maturity-date 
futures price data to draw inferences about constant-time-to-maturity futures prices. Second, 
MCMC methods allow us to easily handle price seasonality and the uneven distribution of 
futures maturity dates throughout the year. Third, MCMC methods make it simple to compute 
credible intervals for highly nonlinear functions of the estimated parameters. This feature of 
MCMC is quite important here because it applies to the futures curve, which is of central interest 
for the present analysis. 
 
1. Theoretical Model 
The proposed theoretical model of commodity price behavior is described in detail in Jin et al. 
(2012). It assumes that the entire futures curve is determined by two underlying factors (Y1 and 
Y2) that follow a bivariate Gaussian process, and that the pricing structure is affine. For 
simplicity, consider first the model without seasonality. Succinctly, the historical or actual 
process for the two underlying factors is assumed to be given by  
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where κs are historical parameters, dWs are historical independent pure Brownian motions, and 
the square of the matrix comprising σ1, σ2, and ρ12 is the shocks' variance-covariance matrix. 
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By letting Λi(t) denote the market price of risk for shock i, and assuming that the market 
prices of risk are also driven by the underlying factors as in  
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the risk-neutral process for the factors can be shown to be  
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In (1.2) and (1.3), λs are risk-premium parameters, κ s are risk-neutral parameters, and sdW  are 
independent pure Brownian motions.1 The risk premiums are the difference between the 
historical parameters and their risk-neutral counterparts, i.e., λij = κij − ijκ . 
The proposed model’s affine pricing structure implies that the spot price is an exponential 
function P(t) = exp[φ0 + φ1 Y1(t) + φ2 Y2(t)] of the two factors Y1 and Y2, for some constants φ0, 
φ1, and φ2. That is, the logarithm of the spot price is the following linear function of the factors  
 
(1.4) ln[P(t)] = φ0 + φ1 Y1(t) + φ2 Y2(t). 
 
No-arbitrage restrictions imply that the date-t futures price for a contract maturing at time T ≡ t + 
τ ≥ t is the risk-neutral expectation at time t of the date-T spot price, F(t, τ) = [ ( )]tE P t τ+ . Given 
the affine structure of the spot price and the Gaussian bivariate risk-neutral distribution of the 
factors (1.3), the futures curve has an affine structure, as well. More specifically, the logarithms 
of all futures prices are also linear functions of the date-t values of the two Gaussian factors 
                                                          
1To derive (1.3) from (1.1), note that the risk-neutral and the historical pure Brownian motions are related by the 
equality [dW1 dW2]T = − [Λ1 Λ2]T dt + 1[ ( )dW t  
T
2 .( )]dW t  One can obtain the desired result by plugging the market 
prices of risk (1.2) into the equation above, then substituting the resulting expression into (1.1) and simplifying.  
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(1.5) f(t, τ) = A(τ) + B1(τ) Y1(t) + B2(τ) Y2(t), 
 
where f(t, τ) ≡ ln[F(t, τ)], and the coefficients A(τ) and B(τ) ≡ [B1(τ) B2(τ)]T solve the ordinary 
differential equations  
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subject to the boundary conditions B(0) = [φ1 φ2]T and A(0) = φ0.2 In the expressions above, Κ  ≡ 
[ 11κ 12κ ; 21κ 22κ ] is the (2 × 2) matrix of risk-neutral slopes, 0Κ  ≡ [ 01κ 02κ ]T is the vector of risk-
neutral intercepts, and Σ is the variance-covariance matrix of the shocks. 
Dai and Singleton (2000) have shown that some kind of normalization of the factors Y1 
and Y2 is required to be able to identify the parameters of the pricing system involving (1.1) and 
(1.3). More specifically, they demonstrated that there is an infinite number of invariant affine 
transformations of the underlying factors that when accompanied by appropriate changes in the 
process parameters leave the futures curve unchanged. Collin-Dufresne, Goldstein, and Jones 
(2008) built upon Dai and Singleton’s work and proposed a factor representation in terms of 
theoretically observed state variables with meaningful economic interpretation. They proved that 
their advocated representation has a unique global maximum.  
Collin-Dufresne, Goldstein, and Jones (2008) focused on the normalization of the 
multivariate factor process for the pricing of bonds (i.e., the “yield” curve). Jin et al. (2012) 
applied their normalization to the pricing of commodity futures (i.e., the “futures” curve). They 
                                                          
2See Piazzesi (2010) for a simple derivation of this result. Note that the quadratic terms are positive. This is in 
contrast to negative quadratic terms in the analogous expressions for bonds, and is due to the fact that bond prices 
involve raising exp(⋅) to a negative power. 
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showed that in the case of futures price data, the theoretically observed factors in the 
representation proposed by Collin-Dufresne, Goldstein, and Jones (2008) consist of the first 
terms in the Taylor series expansion of the term structure of the logarithms of futures prices 
around zero maturity and their quadratic covariations. 
For the case of commodity futures, the risk-neutral bivariate Gaussian process for the 
factor representation advocated by Collin-Dufresne, Goldstein, and Jones (2008) consists of 
imposing the restrictions φ0 = 0, φ1 = 1, φ2 = 1,  
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The normalized system’s set of identifiable parameters is { 20κ , 21κ , 22κ , κ10, κ20, κ11, κ12, κ21, 
κ22, σ1, σ2, ρ12}.3 Since κij = ijκ  + λij, the set of identifiable parameters may be alternatively 
stated as { 20κ , 21κ , 22κ , λ10, λ20, λ11, λ12, λ21, λ22, σ1, σ2, ρ12}. 
The advocated normalization implies that the two factors Y1 and Y2 are forced to be equal 
to the logarithm of the spot price and to the expected risk-neutral change in the log-spot price, 
respectively. Using (1.8) and (1.9) and assuming that 21κ  ≠ 0 (so that matrix Κ  is invertible), 
the drift term in (1.3) can be written as  
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3The set comprises 12 parameters, which is the maximum number of parameters that can be identified in a bivariate 
Gaussian system. 
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Intuitively, this means that if Y1 = 20κ / 21κ , Y2 = 0, and there were no shocks to the system, 
neither variable would change over time. In other words, 20κ / 21κ  and zero represent the long-
term risk-neutral means of factors Y1 and Y2, respectively. It can also be seen that if 21κ  > 0, the 
larger the amount by which Y1 is above (below) 20κ / 21κ , the greater the decrease in Y2. Since Y2 
is the expected risk-neutral drift of Y1, this implies that Y1 tends to revert back to the long-term 
mean 20κ / 21κ  if 21κ  > 0. Further, the greater the coefficient 21κ , the faster the mean reversion 
characterizing Y1. This is why 21κ  is also labeled Y1’s speed of mean reversion. The opposite 
case of 21κ  < 0 implies an explosive process, in the sense that Y1 tends to move away from 
20κ / 21κ  if Y1 ≠ 20κ / 21κ . Moreover, the greater the magnitude of | 21κ |, the faster Y1 shifts away 
from 20κ / 21κ  if Y1 ≠ 20κ / 21κ  and 21κ  < 0. Following a similar reasoning, one can interpret 
parameter 22κ  as the speed of mean reversion of factor Y2 (i.e., Y1’s expected risk-neutral drift). 
 
1.1. Seasonality 
Commodity prices typically exhibit seasonal variations. For example, prices of annual crops tend 
to reach a minimum around harvest time and peak later on during the marketing year close to the 
new harvest. Earlier work by Sørensen (2002) and Richter and Sørensen (2002) incorporate 
seasonality in the spot price. However, their model construction does not result in closed-form 
solutions for futures pricing formulas. To accommodate seasonality realistically while retaining 
parsimony, the proposed model incorporates it into the risk-neutral and the historical intercepts. 
Since as discussed earlier the long-term means (if they do exist) of the factors are functions of 
the intercepts, this procedure ensures that the long-term means of the spot price and its drift 
(provided they do exist) exhibit seasonality. 
Seasonality in the corresponding parameters is represented by a truncated Fourier series. 
That is, the advocated functional form to add seasonality in the risk-neutral intercept 20κ  and the 
risk premiums λi0 (i = 1, 2) is to make them the periodic functions  
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respectively, where δ is the length of the periodic time interval (e.g., δ = 12 if time is measured 
in months and the focus is on annual seasonality). Closed-form solutions for the advocated 
model of the futures curve (i.e., for the Α(⋅) and Β(⋅) coefficients in (1.5)) in the presence of 
seasonality have been derived by Jin et al. (2012) and are shown in the Appendix. 
 
2. Data and Econometric Estimation 
The theoretical model was estimated using historical futures prices of E.U. milling wheat at the 
Euronext exchange in Paris, and the U.S. No. 2 soft red winter wheat at the CME. Euronext and 
CME futures prices are expressed in euros per metric ton and U.S. cents per bushel, respectively. 
For each market, a monthly panel data set was constructed spanning the period January 1999 
through December 2010, for a total of nT = 144 observation dates. While the model can be 
estimated with data at any frequency, the computational requirements increase exponentially 
with frequency. The use of monthly data strikes a balance between computational costs and 
informational gains. The observations in the panel consisted of the settlement futures prices for 
the available contracts traded on the 15th calendar day of each month. If the exchange was closed 
or a contract was not traded on the 15th day, settlement prices for the contracts traded on the 16th 
day were used instead. If no settlement prices for traded contracts were available on the 16th day 
either, we proceeded successively with days 14, 17, and 13, and used the settlement price for 
traded contracts for the day closest to the 15th from that set. In general, settlement prices reported 
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by the exchanges on days with zero trading volume were not included in the data set,4 because 
they did not reflect actual trading prices.5  
The longest times until maturity are nτ = 20 months in the Euronext panel and nτ = 36 
months in the CME panel. However, out of a total of nTτ = 2880 potential observations for 
Euronext and nTτ = 5184 potential observations for CME (consisting of 144 months × 20 
maturities and 144 months × 36 maturities, respectively), the data sets contained only 725 
observations for Euronext and 1185 observations for CME. A major reason for the large number 
of missing observations is that both exchanges allow trading only for a restricted number of fixed 
calendar maturity months. In Euronext (CME), only wheat futures maturing in January, March, 
May, July, August, September, and November (March, May, July, September, and December) 
were allowed to trade during the period under study.6 Another reason for the numerous missing 
observations is that the contracts with the longest maturities are often not traded at all. 
 
2.1. Empirical Method 
The econometric estimation of the proposed pricing system is based on the first-order Euler 
discretized version of the factors’ historical continuous model incorporating seasonality 
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4Some exceptions were made in the case of Euronext to avoid having months with fewer than three observations. 
The settlement price for the contract with the largest open interest was used for the March 2000, June 2000, 
September 2000, and April 2001 observation dates. The settlement prices for the contracts with the two (three) 
largest open interest were used for the April 2000, December 2000, June 2002, and June 2003 (May 1999 and May 
2000) observation dates. 
5To be able to perform the margin accounting, the exchanges need to establish settlement prices even if no trading 
occurs on a particular date. 
6Euronext’s August (September) delivery contracts maturing before 2008 (after 2007) were not traded. 
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∆ represents the length of the discretization intervals. Given a sample with historical 
observations on factors Y1 and Y2, the likelihood of those realizations can be computed from 
(2.1). However, direct estimation of the evolution equation (2.1) is not feasible because the 
available data set does not contain direct observations of the factors. 
To be able to proceed with the estimation, the typical approach in the empirical literature 
on bond yields (e.g., Chen and Scott, 1993) is followed whereby all but two futures prices are 
assumed to be observed with measurement error. That is, given a data set consisting of the 
logarithms of historical futures values for M > 2 different times to maturity, two of the series 
(with maturities denoted by the empty circle superscripts) fit the model as in 
 
(2.2) f(t, τ○) = Α(t, τ○) + Β1(τ○) Y1(t) + Β2(τ○) Y2(t),  
 
whereas the remaining series (with maturities represented by filled circle superscripts) fit the 
model with measurement errors as in  
 
(2.3) f(t, τ●) = Α(t, τ●) + Β1(τ●) Y1(t) + Β2(τ●) Y2(t) + e. 
 
Coefficients Α(⋅), Β1(⋅), and Β2(⋅) in (2.2) and (2.3) are defined in the Appendix. Residual errors 
e are assumed to be multivariate normally distributed with zero mean and covariance matrix 2es  
Ωe, where 2es  is the variance of the residuals and Ωe is an ((M − 2) × (M − 2)) matrix with the 
( iτ
• , jτ
• )th element equal to | |i jer
τ τ• •−  for re ∈ (–1, 1). In other words, residual errors are allowed to 
be correlated, the more so the closer the respective futures maturities are. 
Importantly, provided the (2 × 2) matrix [Β1( 1τ
 ) Β2( 1τ
 ); Β1( 2τ
 ) Β2( 2τ
 )] is invertible, 
equation (2.2) can be used to compute factors Y1 and Y2 by means of  
 
(2.4) 1
2
( )
( )
Y t
Y t
 
 
 
 = 
1
1 1 2 1
1 2 2 2
( ) ( )
( ) ( )
Β τ Β τ
Β τ Β τ
−
 
 
 
 
 
1
2
( , )
( , )
f t
f t
τ
τ
  
    


 − 1
2
( , )
( , )
t
t
Α τ
Α τ
 
    


. 
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In this manner, the value of the state variables Y1 and Y2 can be exactly filtered out at each 
sample date by inversion based on the two futures prices observed without error. 
Following Jin et al. (2012), the sets of risk-neutral parameters κ  ≡ { 200κ , 201,sinκ , 201,cosκ , 
202,sinκ , 202,cosκ , 21κ , 22κ }, risk premiums λ ≡ {λ100, λ101,sin, λ101,cos, λ102,sin, λ102,cos, λ200, λ201,sin, 
λ201,cos, λ202,sin, λ202,cos, λ11, λ12, λ21, λ22}, factor covariance matrix parameters σ ≡ {σ1, σ2, ρ12}, 
and residual error covariance matrix elements s ≡ {se, re} of the proposed pricing system are 
estimated by employing Bayesian MCMC methods. The prior for se is se ∼ Inv-χ2( 0ev , 
0 2( )es ) with 
0
ev  = 4 degrees of freedom and scale parameter 
0 2( )es  = 0.001, whereas the priors for the other 
parameters are non-informative. The reported results are based on running four chains of the 
Bayesian MCMC procedure for 300 thousand iterations each, with the first half of each chain 
discarded as a burn-in period. The remaining 150 thousand iterations of each chain were tested 
for convergence using the Gelman and Rubin (1992) tests. This test checks the convergence of 
the Markov chain to its posterior distribution, i.e., whether parameter estimates are stationary. 
Further details of the MCMC method used are omitted in the interest of space; readers are 
referred to Jin et al. (2012) for a thorough description of the estimation procedure. 
 
3. Results and Discussion 
Estimation results for the model are summarized in Tables 1 and 2. The Gelman and Rubin 
(1992) test was below 1.03 for all of the estimated parameters, strongly suggesting that they have 
converged. Table 1 reports means and standard deviations of the model parameters for each 
market, whereas Table 2 shows the parameter medians and 95% credible intervals (i.e., the 2.5%, 
50%, and 97.5% quantiles of the estimated parameter distributions). The magnitudes of all 
parameters can be directly compared between the two markets, except for the intercept 
coefficients 200κ , λ100, and λ200. Intercepts are not comparable between the Euronext and CME 
estimations because they are affected by the units of measurement, which are different in the two 
markets (i.e., euros per ton for Euronext and U.S. cents per bushel for the CME). 
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The most important difference between the Euronext and CME parameter estimates is 
that the mean speed of mean reversion of the expected risk-neutral drift with respect to the spot 
price ( 21κ ) is negative for Euronext and positive for CME. Consequently, when measured at the 
point estimates of 21κ , the risk-neutral price distribution is non-stationary for Euronext and 
stationary for the CME. In other words, a positive 21κ  estimate indicates that CME futures show 
a tendency to revert back to a long-run mean value, with its futures curve displaying a negative 
(positive) trend if the nearby futures are above (below) such a value. Furthermore, the lower 
bound of the 95% credible interval for 21κ  corresponding to the CME is also positive (albeit 
quite small), providing additional evidence of stationary prices. As the “speed-of-mean-
reversion” label indicates, the magnitude of 21κ  is associated with the speed at which futures 
tend to revert back to the long-run mean value. More concretely, if the price is away from its 
long-run equilibrium value, the “half-life” of the price process is the length of time it takes for 
the price to go back to the long-run value by half, and can be calculated as ln(2)/ 21κ . The CME 
futures half-life measured at the mean 21κ  is 5023 months or almost 419 years, which implies 
that the CME futures curve is characterized by an extremely slow trend to revert back when the 
spot price is different from the long-term mean. 
In contrast, the point estimate of the speed of mean reversion 21κ  for Euronext is 
negative. Thus, the Euronext futures curve does not show a tendency for futures to revert to a 
long-term equilibrium value. However, the 95% credible interval for 21κ  for Euronext includes 
positive values, suggesting that a random-walk ( 21κ  = 0) or a very slow mean-reverting process 
cannot be ruled out given the available historical data. 
Another interesting difference between the Euronext and CME models is the speed of 
mean reversion of the expected risk-neutral drift with respect to itself ( 22κ ). If 22κ  is positive, 
the expected risk-neutral price drift has a long-term mean, and 22κ  measures the speed at which 
the expected risk-neutral drift tends to go back to its long-term mean if it is away from it. The 
point estimates of 22κ  are positive for both Euronext and the CME, but the latter ( 22κ  = 0.0837) 
is about four times larger than the former ( 22κ  = 0.021). The half-life of a shock to the expected 
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risk-neutral drift measured at the point estimate of 22κ  is 33 months for Euronext, compared to 
only 8 months for the CME. Importantly, the lower bound of the 95% credible interval for 22κ  is 
positive and far from zero for the CME, but it is negative for Euronext. Therefore, a non-
stationary expected risk-neutral drift cannot be ruled out for Euronext. 
The “explosive” E.U. wheat futures curve implied by the negative 21κ  point estimate is 
counterintuitive. One potential explanation for the estimated negative speed of mean reversion is 
the illiquidity of the Euronext wheat futures market. In relation to the total E.U. output, the 
volume traded in Euronext is very small for the period under study. For example, in 1999 the 
volume of wheat traded in Euronext was only about 2 million metric tons, relative to an E.U.-27 
wheat production of more than 133 million metric tons (USDA). The ratio of the two figures 
gives a gearing of less than 0.02. The E.U. gearing increased over the years, but at a value of 
0.69 in 2009 (corresponding to 96 million metric tons traded in Euronext and an E.U.-27 output 
of 139 million tons), it was still far smaller than in the U.S. gearing of 40.08.7 Consequently, the 
explosive behavior of the estimated E.U. futures curve might be due to an underdeveloped 
market, where futures clearing prices may not always be reliable. 
As a result of Euronext’s negative point estimate for 21κ , the analysis was extended by 
reestimating the model imposing the restriction 21κ  = 0. Originally, it was thought that the 
parameter estimates based on the deep and liquid U.S. market could be used to estimate a more 
reliable E.U. futures curve. This could work if the two markets are relatively well integrated. As 
depicted in Figure 1, the wheat prices for the closest-to-maturity futures contracts at Euronext 
and the CME tend to move together. But the parameter differences between the Euronext and 
CME models indicate that such an application would be ill advised. 
The estimates obtained by setting 21κ  = 0 are labeled “restricted” model and are reported 
in Tables 3 and 4. For Euronext, the speed of mean reversion of the expected risk-neutral drift 
with respect to itself ( 22κ ) is larger in the restricted model than in the unrestricted model, which 
                                                          
7In 2009, the volume of wheat traded in the CME equaled approximately 3.9 billion metric tons compared to 60 
million metric tons of wheat produced by the U.S. 
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conforms to intuition. The lower bound of the 95% credible interval for 22κ  (Table 4) is now 
positive. However, in this restricted model the speed of mean reversion ( 22κ ) for the CME is still 
larger (about three times) than for Euronext. The half-life of a shock to the expected risk-neutral 
drift measured at the point estimate of 22κ  is still 2 years for Euronext, compared to only 8.5 
months for the CME. 
Regarding seasonality, there is no remarkable difference between the restricted and 
unrestricted models. The risk-neutral processes exhibit seasonality in both markets. For 
Euronext, all four of the risk-neutral seasonal coefficients are different from zero, as evinced by 
their respective 95% credible intervals. For the CME, three of the four 95% credible intervals for 
the seasonal parameters exclude zero. The point estimates have different signs between the 
markets for two of the four seasonal coefficients, indicating different seasonal behavior for 
Euronext compared to the CME. 
In both the restricted and unrestricted models, the majority of the risk-premium 
coefficients are not significantly different from zero, suggesting that the historical distributions 
are very similar to the risk-neutral distributions for both Euronext and the CME. For Euronext, 
95% credible intervals do not include zero for only three of the risk-premium parameters, 
namely, the seasonal risk premiums λ202,sin and λ202,cos, and the risk premium for the speed of 
mean reversion of the drift with respect to itself (λ22). In all of these three instances the risk 
premiums are positive. In the case of the CME, only the risk premium λ22 is significantly 
different from (and greater than) zero. The positive and relatively large value of the risk premium 
λ22 in both markets implies that the expected drift in the respective historical distributions has a 
long-term mean and that the expected drift tends to revert relatively fast to such mean value 
whenever it departs from it. The half-life of a shock to the historical expected drift measured at 
the point estimate of ( 22κ  + λ22) is slightly less than 4 months in both markets. 
Estimates of the standard deviation associated with spot price shocks (σ1) indicate a 
greater volatility in CME prices than in Euronext prices, as the respective point estimates are 
0.111 and 0.077, regardless of whether the model is restricted or unrestricted, and their 
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corresponding 95% credible intervals do not overlap. The standard deviations for the shocks to 
the expected price drift (σ2) are one order of magnitude smaller than the standard deviations for 
price changes, with point estimates of 0.00506 (0.00509) for Euronext and 0.00863 (0.00856) for 
the CME in the unrestricted (restricted) model. Similar to σ1, σ2 is significantly larger for the 
CME than for Euronext, because the 95% credible interval for σ2 for the CME lies entirely to the 
right of its Euronext counterpart. The correlation coefficient ρ12 is significantly negative for both 
Euronext and the CME, indicating that in both markets price shocks are strongly negatively 
correlated with the shocks to the expected price drift. The point estimates of the correlation 
coefficient for the unrestricted (restricted) model equal −0.777 (−0.757) for Euronext and −0.810 
(−0.814) for the CME. According to the corresponding 95% credible intervals, there is no 
statistical difference between the correlation coefficients in the Euronext and CME markets. 
The standard deviation of the residual errors (σe) measures how well the model fits the 
futures prices assumed to be observed with errors. The standard deviation is very similar across 
the markets, with point estimates of 0.0326 for Euronext and 0.03054 for the CME under the 
unrestricted model (the estimates are slightly larger under the restricted model). Since the model 
is fitted using log-prices, the intuitive interpretation of such estimates is that the residual standard 
deviations are approximately 3% of the average price in the sample. The 95% credible intervals 
of the correlation coefficient corresponding to the residual errors includes zero; hence, there is no 
evidence of cross-section correlation in the residual errors. 
The analysis is performed employing a state-of-the-art theoretical model and estimation 
method. Nonetheless, when applying the model and interpreting its results it is important to bear 
in mind the strong assumptions (e.g., normality, affine specification, one-period-lag dynamics, 
etc.) being imposed in the process. Although some key findings in the present application (e.g., 
the different seasonality across markets) seem quite robust, it would be interesting to explore the 
extent to which the unexpected results (e.g., the non-stationarity for Euronext) hold when more 
sophisticated models are developed. 
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3.1. Graphical Analysis 
To illustrate the differences in behavior implied by the models fitted to the two markets, the 
futures curves predicted by them based on the actual futures prices observed on December 15, 
2010 at Euronext and the CME are shown in Figures 2 through 4. The two Euronext (CME) 
futures assumed to be observed without errors are those maturing in January (March) of 2011 
and 2012. This exercise is of interest because on that date the futures prices assumed to be 
observed without errors exhibited opposite trends at the two markets, namely, clearly decreasing 
at Euronext and strongly increasing at the CME. A comparison of the actual futures prices 
assumed to be observed with errors with the predicted futures curves provides additional 
information about the two models. The median values of the futures curves, together with the 
95% credible intervals for both mean values (labeled “parameter variability”) and individual 
observations (labeled “total variability”), are depicted. The 95% credible interval under 
“parameter variability” is computed by incorporating the estimated variability in the parameter 
estimates, but assuming away the residual errors. In contrast, the 95% credible interval under 
“total variability” allows for both variability in parameter estimates and residual errors. 
Figures 2 and 3 show the Euronext futures curves computed from the unrestricted and 
restricted models, respectively. Although the E.U. and U.S. derivative markets seem very 
integrated, the results demonstrate that each market is idiosyncratic and needs to be analyzed 
individually. It is not possible to derive a reliable E.U. futures curve from historical CME data. 
The unrestricted futures curve in Figure 2 fits very well the observed futures prices. Its 
drawback, however, is the exploding path for longer-term futures with maturity dates more than 
two years in the future. The restricted model in Figure 3 also fits very well the observed futures, 
and exhibits a much weaker tendency to explode for maturities exceeding two years. 
The graph of the CME futures curve corresponding to the unrestricted model estimated 
for the CME is provided in Figure 4. This curve predicts the observed prices faithfully. The CME 
restricted model yields a similar forward curve (not reported). 
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Seasonality 
As pointed out above when discussing the seasonal coefficients reported in Tables 1 through 4, 
the estimated seasonal parameters indicate that the seasonal behavior is different between the 
two markets, but it is very similar between the restricted and unrestricted models. This 
observation is confirmed by Figures 5 and 6, which show the seasonal patterns for the 
unrestricted and restricted models, respectively. To facilitate the comparison between the two 
markets, prices in Figures 5 and 6 are expressed as percentages of the respective average futures 
prices for the twelve closest maturities. 
The graphs’ most interesting aspect is the difference between the Euronext and CME 
seasonal features. Based on the width of the 95% credible intervals, it can be concluded that the 
parameter uncertainty for nearby maturities is quite similar for Euronext compared to the CME. 
As expected, prices hit the lowest point around harvest and peak later in the year, a few months 
before the new harvest takes place. The extreme points in the seasonal futures curve occur later 
for Euronext than for the CME. The lowest and highest prices for Euronext are observed in 
August and April, respectively, whereas prices for the CME bottom out in July and peak in 
February. This is partially explained by the gap of approximately one month between the 
planting-harvesting seasons in the U.S. and Europe. The planting of soft winter wheat finishes by 
the end of October in the U.S. (e.g., east of the Mississippi River), whereas in Europe planting 
concludes at the end of November (e.g., central France). The gap is approximately the same for 
the harvesting season, which ends at the end of July in the U.S., compared to the end of August 
in Europe. 
The most striking difference between the seasonal behavior of the two markets is the 
considerably stronger seasonal pattern exhibited by Euronext futures. The difference between the 
minimum and maximum prices amounts to almost 7% of the average annual price for Euronext, 
compared to about 2.5% of the average annual price for the CME. This indicates that the 
European wheat futures market is more affected by local fundamental factors than its American 
counterpart. In contrast, the CME is more integrated into the wheat world market. The planting-
 18 
harvesting period gap between the northern and southern (Australia essentially) hemispheres is 
about 5 months. Although the U.S. marketing year dominates the CME wheat seasonality, the 
influence of the southern hemisphere weakens its seasonal pattern. 
 
4. Concluding Remarks 
The post-2013 CAP era in the E.U. is likely to be characterized by a growing importance of the 
derivative markets for wheat. As such, it is relevant to better understand the behavior of prices in 
the existing futures market for E.U. wheat. The present study contributes to the literature by 
demonstrating how to estimate the futures curve for E.U. wheat. 
A recently developed theoretical two-factor affine model of futures prices is applied to 
analyze the behavior of wheat futures prices from the Euronext and CME futures markets over 
the period January 1999 through December 2010. The econometric estimation is performed by 
employing a Bayesian MCMC approach. The results from the empirical analysis show some 
common and some idiosyncratic aspects between futures price behavior at the two exchanges. 
The futures curve exhibits seasonality in both markets. The estimated seasonality is 
relatively similar, but the seasonal minimum and maximum points in the futures curve occur one 
to two months later for Euronext compared to the CME. This is a natural consequence of the 
different harvest times between the U.S. and the E.U. More importantly, the futures curve for 
Euronext has a much more marked seasonality than the CME futures curve. The CME is 
considered by market makers as the world benchmark; indeed, it is the most international 
integrated wheat market. The mixture of influence of world supplies (based on the production of 
the southern and northern hemispheres) leads to a smoother seasonality pattern for the CME 
relative to the more autarkic European market. 
The other major difference between markets is that, when measured at the mean 
parameter values, the risk-neutral price distribution is non-stationary for Euronext and stationary 
for the CME. This implies that the CME futures curve tends to revert back to a long-run mean 
value, with the futures curve displaying a negative (positive) trend when the nearby futures are 
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above (below) such value. In contrast, the Euronext futures curve does not show a tendency for 
futures to revert to a long-term equilibrium value. Further, when measured at mean parameter 
values, the speed at which the expected risk-neutral drift tends to go back to its long-term mean 
if it is away from it is about four times faster for the CME than for Euronext. This provides 
additional evidence that the CME futures curve is much more likely to be characterized by a 
long-term equilibrium than its counterpart at Euronext. The dissimilar convergence behavior of 
the two markets may be due to their differences in liquidity, as the European future market for 
milling wheat is quite illiquid, whereas the wheat futures market in Chicago is the most liquid 
wheat market in the world. 
The study shows that a reliable E.U. futures curve cannot be derived from the model 
estimated with the CME data, despite the latter’s leading position as a benchmark around the 
world. This suggests that integration between the E.U. and U.S. wheat markets might not be as 
strong as expected. However, the model estimates an accurate E.U. wheat near-term forward 
curve (with E.U. market data) by letting the mean of speed reversion be negative. Imposing a 
random walk structure does not improve the fit for near-term maturities but provides consistent 
results for longer maturities. 
The advocated estimation approach can be used to compute point estimates and credible 
intervals of the futures curve. The width of the credible intervals is relatively constant and 
similar between Euronext and the CME for nearby maturities (e.g., up to 14 months). The width 
clearly increases for longer maturities, but it does so much faster for Euronext than for the CME. 
For long-maturity futures, variability in the parameter estimates (as opposed to the residual 
errors) accounts for most of the width of the credible intervals, especially for Euronext. 
The proposed model can be used to price long-term futures options, long-term price 
insurance, and long-term swaps, among other applications. Such applications are beyond the 
scope of the present analysis, but they are sufficiently important to warrant further study of the 
behavior of the futures curve for agricultural commodities. 
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Appendix: Closed-Form Solution for the Futures Curve 
Define the constants R1 ≡ (− 22κ +
2
22 214κ κ−  )/2, R2 ≡ (− 22κ −
2
22 214κ κ−  )/2, b1i ≡ (Ri + 22κ ) b2i 
for i = 1 and 2, b2i ≡ 1/(2 Ri + 22κ ) for i = 1 and 2, and hij ≡ 
2
1σ  b1i b1j + 
2
2σ  b2i b2j + ρ12 σ1 σ2 
(b1i b2j + b1j b2i) for i, j = 1 and 2. Then, the closed-form solutions for coefficients Α(⋅) and Β(⋅) 
in (1.5) in the presence of seasonality are expressions (A.1) and (A.2), respectively. 
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Table 1. Estimates of Means and Standard Deviations for Parameters of the Unrestricted Affine 
Two-Factor Model of Wheat Futures 
 EURONEXT  CME 
 Mean (Std. Deviation)  Mean (Std. Deviation) 
Risk-Neutral Parameters      
20κ  -0.0025 (0.0018)  0.00073 (0.00045) 
201,sinκ  -0.00730 (0.00044)  -0.00289 (0.00030) 
201,cosκ  0.00211 (0.00046)  -0.00086 (0.00026) 
202,sinκ  0.0068 (0.0015)  0.0040 (0.0016) 
202,cosκ  -0.0117 (0.0014)  0.00082 (0.00089) 
21κ  -0.00056 (0.00037)  0.000138 (0.000070) 
22κ  0.021 (0.012)  0.0837 (0.0038) 
Risk-Premiums      
λ10 0.02 (0.13)  0.06 (0.14) 
λ101,sin -0.0059 (0.0092)  -0.006 (0.013) 
λ101,cos -0.0170 (0.0092)  -0.011 (0.013) 
λ102,sin 0.0023 (0.0092)  0.006 (0.013) 
λ102,cos 0.0072 (0.0092)  0.006 (0.013) 
λ11 0.002 (0.026)  0.011 (0.024) 
λ12 0.006 (0.018)  0.01 (0.10) 
λ20 0.016 (0.011)  -0.002 (0.012) 
λ201,sin 0.00081 (0.00065)  0.0011 (0.0010) 
λ201,cos 0.00132 (0.00086)  0.0014 (0.0010) 
λ202,sin 0.00220 (0.00099)  -0.0017 (0.0011) 
λ202,cos 0.00383 (0.00084)  0.0017 (0.0012) 
λ21 0.0035 (0.0023)  -0.0006 (0.0020) 
λ22 0.176 (0.046)  0.098 (0.033) 
Covariance Matrix      
σ1 0.0775 (0.0048)  0.1113 (0.0071) 
σ2 0.00506 (0.00046)  0.00863 (0.00060) 
ρ12 -0.777 (0.037)  -0.810 (0.031) 
Residual Errors      
σe 0.0326 (0.0014)  0.03054 (0.00079) 
r 0.001 (0.078)  0.002 (0.041) 
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Table 2. Medians and Posterior Probability Bands for Parameters of the Unrestricted Affine 
Two-Factor Model of Wheat Futures 
 EURONEXT CME 
 2.5% 50% 97.5%  2.5% 50% 97.5% 
Risk-Neutral Parameters        
20κ  -0.0060 -0.0024 0.0009  -0.00010 0.00073 0.00157 
201,sinκ  -0.00815 -0.00730 -0.00641  -0.00348 -0.00290 -0.00229 
201,cosκ  0.00120 0.00212 0.00301  -0.00137 -0.00086 -0.00034 
202,sinκ  0.0041 0.0068 0.0098  0.0010 0.0040 0.0071 
202,cosκ  -0.0144 -0.0117 -0.0090  -0.00084 0.00078 0.00260 
21κ  -0.00130 -0.00055 0.00012  0.000006 0.000137 0.000268 
22κ  -0.003 0.021 0.044  0.0766 0.0836 0.0910 
Risk-Premiums        
λ10 -0.23 0.02 0.27  -0.21 0.06 0.34 
λ101,sin -0.0240 -0.0059 0.0122  -0.032 -0.006 0.020 
λ101,cos -0.0351 -0.0170 0.0012  -0.037 -0.011 0.015 
λ102,sin -0.0157 0.0023 0.0203  -0.020 0.006 0.032 
λ102,cos -0.0109 0.0072 0.0253  -0.020 0.006 0.032 
λ11 -0.048 0.002 0.053  -0.035 0.011 0.058 
λ12 -0.0293 0.0062 0.0428  -0.04 0.00 0.04 
λ20 -0.006 0.015 0.037  -0.025 -0.002 0.021 
λ201,sin -0.00046 0.00081 0.00209  -0.0009 0.0011 0.0032 
λ201,cos -0.00038 0.00132 0.00301  -0.0006 0.0014 0.0034 
λ202,sin 0.00030 0.00219 0.00419  -0.0039 -0.0017 0.0005 
λ202,cos 0.00222 0.00381 0.00552  -0.0007 0.0017 0.0041 
λ21 -0.0009 0.0034 0.0080  -0.0045 -0.0006 0.0032 
λ22 0.087 0.175 0.266  0.033 0.098 0.161 
Covariance Matrix        
σ1 0.0689 0.0772 0.0876  0.0985 0.1109 0.1264 
σ2 0.00423 0.00504 0.00602  0.00754 0.00860 0.00991 
ρ12 -0.842 -0.779 -0.696  -0.864 -0.812 -0.744 
Residual Errors        
σe 0.0300 0.0326 0.0356  0.02903 0.03052 0.03214 
r -0.151 0.001 0.156  -0.079 0.002 0.081 
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Table 3. Estimates of Means and Standard Deviations for Parameters of the Restricted Affine 
Two-Factor Model of Wheat Futures 
 EURONEXT  CME 
 Mean (Std. Deviation)  Mean (Std. Deviation) 
Risk-Neutral Parameters      
20κ  0.00031 (0.00011)  -0.000147 (0.000031) 
201,sinκ  -0.00724 (0.00044)  -0.00290 (0.00031) 
201,cosκ  0.00216 (0.00044)  -0.00089 (0.00026) 
202,sinκ  0.0070 (0.0015)  0.0039 (0.0016) 
202,cosκ  -0.0115 (0.0014)  0.00068 (0.00090) 
21κ  0 0  0 0 
22κ  0.028 (0.010)  0.0819 (0.0036) 
Risk-Premiums      
λ10 0.04 (0.13)  0.06 (0.14) 
λ101,sin -0.0058 (0.0092)  -0.006 (0.013) 
λ101,cos -0.0169 (0.0092)  -0.011 (0.013) 
λ102,sin 0.0022 (0.0092)  0.006 (0.013) 
λ102,cos 0.0071 (0.0092)  0.006 (0.013) 
λ11 0.005 (0.026)  0.010 (0.023) 
λ12 0.004 (0.017)  0.002 (0.063) 
λ20 0.010 (0.010)  0.000 (0.012) 
λ201,sin 0.00077 (0.00065)  0.0011 (0.0010) 
λ201,cos 0.00113 (0.00085)  0.0014 (0.0010) 
λ202,sin 0.00223 (0.00098)  -0.0016 (0.0011) 
λ202,cos 0.00394 (0.00084)  0.0017 (0.0012) 
λ21 0.0022 (0.0021)  -0.0003 (0.0019) 
λ22 0.164 (0.044)  0.100 (0.032) 
Covariance Matrix      
σ1 0.0774 (0.0048)  0.1110 (0.0070) 
σ2 0.00509 (0.00046)  0.00856 (0.00058) 
ρ12 -0.757 (0.038)  -0.814 (0.030) 
Residual Errors      
σe 0.0330 (0.0014)  0.03058 (0.00079) 
r -0.002 (0.077)  0.0004 (0.040) 
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Table 4. Medians and Posterior Probability Bands for Parameters of the Restricted Affine Two-
Factor Model of Wheat Futures 
 EURONEXT CME 
 2.5% 50% 97.5%  2.5% 50% 97.5% 
Risk-Neutral Parameters        
20κ  0.00011 0.00031 0.00052  -0.000211 -0.000146 -0.000087 
201,sinκ  -0.00809 -0.00724 -0.00638  -0.00351 -0.00290 -0.00229 
201,cosκ  0.00128 0.00217 0.00303  -0.00139 -0.00089 -0.00038 
202,sinκ  0.0041 0.0070 0.0098  0.0008 0.0040 0.0070 
202,cosκ  -0.0141 -0.0115 -0.0089  -0.00104 0.00066 0.00244 
21κ  0 0 0  0 0 0 
22κ  0.009 0.028 0.049  0.0753 0.0818 0.0892 
Risk-Premiums        
λ10 -0.22 0.04 0.29  -0.22 0.06 0.33 
λ101,sin -0.0239 -0.0058 0.0122  -0.031 -0.006 0.020 
λ101,cos -0.0350 -0.0169 0.0012  -0.037 -0.011 0.015 
λ102,sin -0.0158 0.0022 0.0202  -0.020 0.006 0.032 
λ102,cos -0.0111 0.0071 0.0252  -0.020 0.006 0.032 
λ11 -0.046 0.005 0.056  -0.036 0.010 0.056 
λ12 -0.029 0.004 0.038  -0.039 -0.001 0.038 
λ20 -0.010 0.009 0.029  -0.022 0.000 0.023 
λ201,sin -0.00050 0.00077 0.00204  -0.0009 0.0011 0.0031 
λ201,cos -0.00054 0.00113 0.00279  -0.0006 0.0014 0.0034 
λ202,sin 0.00035 0.00222 0.00420  -0.0038 -0.0016 0.0006 
λ202,cos 0.00231 0.00393 0.00561  -0.0007 0.0017 0.0040 
λ21 -0.0018 0.0022 0.0064  -0.0040 -0.0002 0.0035 
λ22 0.078 0.164 0.252  0.036 0.100 0.163 
Covariance Matrix        
σ1 0.0688 0.0772 0.0875  0.0984 0.1106 0.1257 
σ2 0.00427 0.00507 0.00607  0.00751 0.00853 0.00979 
ρ12 -0.824 -0.760 -0.675  -0.866 -0.816 -0.750 
Residual Errors        
σe 0.0303 0.0329 0.0359  0.02908 0.03057 0.03219 
r -0.153 -0.002 0.150  -0.078 0.001 0.078 
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Figure 1. Nearest Maturity of Milling Wheat No. 2 Euronext Futures Prices and Soft Red Winter Wheat CME Futures Prices. 
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Figure 2. Euronext Futures Curve on 12/15/2010, Computed from Unrestricted Model Estimated Using Historical Euronext Data. 
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Figure 3. Euronext Futures Curve on 12/15/2010, Computed from Restricted Model Estimated Using Historical Euronext Data. 
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Figure 4. CME Futures Curve on 12/15/2010, Computed from Unrestricted Model Estimated Using Historical CME Data. 
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Figure 5. Seasonality of EURONEXT and CME Futures Curves based on the Unrestricted Model. 
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Figure 6. Seasonality of EURONEXT and CME Futures Curves based on the Restricted Model. 
 
